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Abstract 

We study classical nonnegative solutions u(x, t) of the semilinear parabolic inequalities 

< u t - Am < u p in fix (0, 1) 

where p is a positive constant and fi is a smooth bounded domain in K", n > 1. 

We show that a necessary and sufficient condition on p for such solutions it to satisfy an a 
priori bound on compact subsets K of fi as t — > + is p < 1 + 2/n and in this case the a priori 
bound on u is 

maxtifrt) = 0(t~ n/2 ) as t -> + . 

If in addition, u satisfies Dirichlet boundary conditions u = on dfi x (0, 1) and p < 
1 + 2/ (n + 1), then we obtain a uniform a priori bound for u on the entire set Q as t — > + . 

Keywords: Initial blow-up, semilinear parabolic inequalities. 
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1 Introduction 

It is not hard to prove that if it is a nonnegative solution of the heat equation 

u t -Au = in Ox (0,1), (1.1) 
where O is an open subset of M n , n > 1, then for each compact subset K of S7, we have 

max)i(x,t) = 0(r n/2 ) as t -> + . (1.2) 



The exponent — n/2 in (jl.2p is optimal because the Gaussian 

*(x,i) = 



1 w 2 

e~~, i > 



(4irt) n / 2 ' (1.3) 
0, t < 

is a nonnegative solution of the heat equation in W 1 x R — {(0,0)} and 

*(0,t) = (4vrt)~™ /2 for t>0. (1.4) 



It is also not hard to prove that if u is a nonnegative solution of the heat equation with Dirichlet 
boundary conditions 

u t - Au = in ft x (0, 1) 

(15) 

u = on dft x (0,1), 
where ft is a C 2 bounded domain in R n , n > 1, then there exists a positive constant C such that 

pM a i 

u(a?,t) < C V n+1 for all (x,t) € ft x (0,1/2) (1.6) 

where p(a;) = dist(x, c?ft). 

Note that (|1.6|) is an a priori bound for u on the entire set ft rather than on compact subsets 
of ft. As we discuss and state precisely in the paragraph after Theorem 11.31 the estimate (|1 .6|) is 
optimal for x near the boundary of ft and t small. 

In this paper, we generalize these results to nonnegative solutions u(x, t) of the inequalities 

< u t - Au < f(u) in ft x (0, 1) (1.7) 

when the continuous function /: [0, oo) — > [0, oo) is not too large at infinity. Note that solutions 
of the heat equation (|1.1|) satisfy (|1.7|) . Our first result deals with nonnegative solutions u of (|1.7|) 
when no boundary conditions are imposed on u. 

Theorem 1.1. Suppose u(x,t) is a C 2 ' 1 nonnegative solution of 

< u t - Au < (u + l) 1+2/n in n x (0,1), (1.8) 

where $7 is an open subset ofW 1 , n > 1. Then, for each compact subset K ofQ,,u satisfies (jl.2p . 

We proved Theorem 11.11 in |21j with the strong added assumption that, 

for some xq £ ft, u is continuous on (ft x [0, 1)) — {(xo,0)}. (1-9) 

Theorem 1 1.1 1 is optimal in two ways. First, the exponent —n/2 on t in (jl.2p cannot be improved 
because, as already pointed out, the Gaussian (|1.3f) is a C°° nonnegative solution of the heat 
equation in W 1 x M - {(0, 0)} satisfying (fLlj) . 

And second, the exponent 1 + 2/n in ()1.8|) cannot be increased by the following theorem in |21j . 

Theorem 1.2. Let p > 1 + 2/n andip: (0,1) — > (0,oo) be a continuous function. Then there exists 
a C°° nonnegative solution u(x, t) of 

< u t - Au < u p in (R n x R) — {(0, 0)} 

satisfying u = in R n x (— oo,0) and 

u(Q, t) ^ 0{i)(t)) as t^0+. 

Our next result deals with nonnegative solutions of (II. 7p satisfying Dirichlet boundary condi- 
tions. 
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Theorem 1.3. Suppose u £ C 2 ' 1 ^ x (0,1)) is a nonnegative solution of 

< u t - Au < (u + If in O X (0, 1) 
u = on dQ, x (0, 1), 

where 1 <p< 1 + 2/ (n + 1) and £1 is a C 2 bounded domain in W 1 , n > 1. T/ien £/iere exists a 
positive constant C such that u satisfies (jl.6j) . 

Note that the bound (11. 6p for u in Theorem ll.3l is. like u, zero on (90 x (0, 1). Furthermore, the 
estimate (jl.6j) is optimal for x near the boundary of f2 and t small. More precisely, let xq G 90, 
y, t) be the heat kernel of the Dirichlet Laplacian in Q x (0, 1), and r] be the unit inward normal 
to O at xq. Then using the lower bound for G in [23], it is easy to show that 

u(x,t):= lim G(x ' X0+rT? '* ) 
r^0+ r 

is a nonnegative solution of (jl.5p . and hence of (|l,10p . such that for some T > 

i) 

a i)/vr +1 

is bounded between positive constants for all (x,t) ESlx (0,T) satisfying \x — xo\ < \ft. 

By modifying the proof of Theorem 11.21 it can be shown that Theorem 11.31 is not true for 
p > 1 + 2/n. An open question is for what values of p G [1 + 2/(n + 1), 1 + 2/n] is Theorem 11.31 
true. 

Philippe Souplet communicated to us a proof of Theorem 11.31 in the special case that the 
differential inequalities in problem (jl.lOj) are replaced with the equation ut — Au = u p . However 
his method of proof does not seem to work for Theorem 11.31 as stated. See also |19t Theorem 
26.14(1)]. 

Theorems 11.11 and 11.31 can be strengthened by replacing the term 1 on the right sides of (|1.8|) 
and (jl.lOp with a term which tends to infinity as t — > + . We state and prove these strengthend 
versions of Theorems 11.11 and 11.31 in Sections [3] and H] respectively. 

The proofs of Theorems 11.11 and 11.31 rely heavily on Lemmas 12.11 and 12.21 respectively, which we 
state and prove in Section [2j We are able to prove Theorem 11.11 without condition (jl.9p because 
we do not impose this kind of condition on the function u in Lemma 12. 11 

As in [21], a crucial step in the proofs of Theorems 1 1 . 1 1 and 1 1 . 3 1 is an adaptation and extension to 
parabolic inequalities of a method of Brezis [1] concerning elliptic equations and based on Moser's 
iteration. This method is used to obtain an estimate of the form 

where q > 1, J7' C O, C is a constant which does not depend on j, and Uj, j = 1,2,..., is 
obtained from the function u in Theorem 1 1 . 1 1 or \l . 3 1 by appropriately scaling u about (xj,tj) where 
(xj,tj) £ X (0, 1) is a sequence such that tj — > + and for which (jl.2p or (jl.6p is violated. 

Our proofs also rely on upper and lower bounds for the heat kernel of the Dirichlet Laplacian. 
We use the upper bound in [TO] and the lower one in [23] . 

The blow-up of solutions of the equation 

ut - Au = u p (1.11) 
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has been extensively studied in 121 IS1 ISl IS1 IZl IH1 ISl HH QS1 QZl UBl I2D1 [22] and elsewhere. 

The book [19] is an excellent reference for many of these results. However, other than [21], we know 
of no previous blow-up results for the inequalities 

< u t - An < u p . 

Also, blow-up of solutions of au p < ut — Au < u p , where a G (0, 1), has been studied in [22] . 

2 Preliminary lemmas 

For the proof in Section [3] of Theorem II. 1[ we will need the following lemma. 

Lemma 2.1. Suppose u is a C 2,1 nonnegative solution of 

Hu>0 in B A (0) x (0, 3)cl"xl, n > 1, (2.1) 

where Hu = ut — An is the heat operator. Then 

u, Hu G L 1 (B 2 (0) x (0, 2)) (2.2) 

and there exist a finite positive Borel measure u on B 2 (0) and h G C 2,1 (Bi(0) x (-1,1)) satisfying 

Hh = in Bi(0) x (-1,1) (2.3) 
h = in Bi(0)x(-1,0] (2.4) 



such that 
where 



u = N + v + h in J3i(0)x(0,l) (2.5) 



f2 

N(x,t): 



J J <Z>(x-y,t-s)Hu{y,s)dyds, (2.6) 

v(x,t):= J $(x-y,t)dn(y), (2.7) 
[»l<2 



and $ is i/ie Gaussian (|1.3|) , 

Proo/. Let G C 2 (£ 3 (0)) and A > satisfy 

" A ^ 1 = M 1 for |x| < 3 
<Pi > J 11 

i^i = for |x| = 3. 

Then for < t < 2, we have by (f!T[j) that 



0< y [ifu(:z,i)]^i(a;)cfe 

t)ipi(x) dx + / u(x,t) — dS x 

J or] 

\x\<3 \x\<3 \x\=3 

< U'(t) + XU(t) 
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where U(t) = f u(x, t)(pi(x) dx. Thus (U(t)e xt )' > for < t < 2 and consequently for some 

|as|<3 

Uq G [0, oo) we have 

U(t) = (U(t)e xt )e~ xt -> U as t -» 0+. (2.8) 
Thus utpi G L 1 (B 3 (0) x (0,2)). Hence, since for < t < 2, 



Hu(x, r)<pi (x) dx dr 



\x\<3 



Ut(x, t) drj (pi (x) dx - 
\x\<3 \x\<3 

u(x, 2)<pi (x) dx — J u(x,t)<pi(x) dx 

\x\<3 |x|<3 

+ I 2 J u(x,T)^±dS x dT 

1*1=3 
f 2 /• 

+ A / / u(x,t)lpi(x) dx dr, 

\x\<3 



(Au(x, r))(pi (x) dx dr 



(2.9) 



we see that (Hu)<pi G ^(^(O) x (0,2)). So holds. 
By (USD, 

y u(x, t) dx is bounded for < t < 2. 



(2.10) 



Hence there exists a finite positive Borel measure \x on ^(0) and a sequence tj decreasing to 
such that for all g G (7(^(0)) we have 



g(x)u(x,tj) dx — ► J g(x)dfi as j 

\x\<2 \x\<2 

In particular, for all (p G Cq°(B2(0)) we have 



oo. 



<p(x)u(x,tj) dx — > J ip(x)dfi as j — ► oo. 



(2.11) 



|x|<2 



|x|<2 



where we define to be the restriction of fi to .62(0). 

For (x,t) G W 1 x (0,oo), let u(ar,i) be defined by ([2~7T]h Then v G C 2,1 (R n x (0,oo)), Hv = in 
M n x (0,oo), and 

Jv(x,t)dx= J dfx(y) < 00 for i > 0. (2.12) 

R™ |y|<2 

Thus u G L 1 (R" x (0,2)). 

For if G qj°(B 2 (0)) and t > we have 



(^(x)v(x, t) da; 



N<2 



|»[<2 \[x[<2 



\ 



— y, t)(p{x) dx 



J 



as t H 



[»l<2 
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and hence it follows from (|2.1ip that 

tp(x)(u(x, tj) — v(x, tj)) dx — > as j —* oo. (2-13) 



|x|<2 



Let 

Then by 
Let 

Then 



iu : = 



jFu, in S 2 (0) x (0,2) 

1 0, elsewhere in M" x R. 

/ G L 1 (R n x R). (2.14) 

'u-v, in B 2 (0) x (0,2) 
0, elsewhere in R n x R. 



and 



w G C 2,1 (5 2 (0) x (0, 2)) n L x (R n x R), (2.15) 
Hw = f in B 2 (0)x(0,2), 

y \w(x,t)\ dx is bounded for < t < 2 (2.16) 



M<2 

by (IXTU1) and Q£P2J) . Let 17 = Bi(0) x (-1, 1) and define A G P'(ft) by A = -Hw + /, that is 



A<p = JwH*^ + J f(p for cp£C£°(n), 



where H*(p := ipt + A</3. We now show A = 0. Let 93 G C*^° (SI), let j be a fixed positive integer, 
and let ip £ : R — > [0, 1], e small and positive, be a one parameter family of smooth nondecreasing 
functions such that 

1, t>tj + e 
0, i < ^ - e. 



where tj is as in (|2. 11 1) . Then 



j wip £ H*ip + J wfip' £ . 



Letting e — > + we get 

•1 r rl 



J J ftpdxdt = J J wH*Lpdxdt+ J w(x,tj)(p(x,tj) dx. (2-17) 



[x[<l |as|<l |x|<l 
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Also, it follows from (gJgD and (j27T3j) that 



w(x,tj)cp(x,tj) dx = J w(x, tj)[(p(x, tj) — ip(x, 0)] dx + y u>(x, tj)(p(x, 0) (fx 
|«|<1 |a:|<l |x|<l 

— ► as j — ► oo. 

Thus letting j -> oo in (pTTj) and using (gjj]) and ([2^5]) we get - / f<p = J wH*ip. So A = 0. 
For (x,t) G M n x R, let iV(z,t) be defined by $n$. Then 

N(x,t) = J J &(x-y,t- s)f(y,s)dyds 

R"xK 

and iV = in M n x (-oo,0). By (JZHJ), we have N G L x (0) and FiV = / in X>'(0). Thus 

H(w - N) = -A + / - / = in £>'(0) 

which implies 

w — N = h in £>'(0) 

for some C 2 ' 1 solution h of (JH3]) and ([23]). Hence (J23D holds. □ 

For the proof in Section 0] of Theorem 11.31 we wm need the following lemma. 

Lemma 2.2. Suppose u G C 2 ' 1 ^ x (0, 2T)) is a nonnegative solution of 

Hu>0 in Ox (0,2T), 

where Hu = ut — Au is i/te Zieai operator, T is a positive constant, and O is a bounded C 2 domain 
in R n , n > 1. T/ien 

u,pHu G L*(0 x (0,T)), (2.18) 
where p(x) = dist(x, 90)). Moreover, there exists C > suc/i i/iai 

0<ii(x,i) — / / G(x,y,t — s)Hu(y, s) dy ds 
Jo Jn 

pM a i ( 2 - 19 ) 

< C v/I n+1 + sup it /or a// (x,t) GOx (0,T), 

t~ 9Ox(0,T) 

where G is the Dirichlet heat kernel for O. 

Proo/. For ip G C 2 (0) n C^O), 93 = on <90, and < i < T we have 

/ [Hu(y,T)]ip(y)dydT= / u(y,T)cp(y) dy - / u(y,t)cp(y) dy 
t Jn Jn Jn 

T [ U (y,r)Ap(y)dydT+ f [ u {y,r)^^ dS y dr (2.20) 
t Jn Jt Jon "V 

Let <pi G C 2 (0) n C x (0) and A > satisfy 

-A<y9l = Xcpx \ . 

, ins! 
< (px < 1 J 

ipx = on 90. 



Then for < t < 2T we have 

0< [ Hu(y,t)<p 1 (y)dy = U'(t) + \U(t) + [ u (y,t)^^dS y 
Jn Jan ai l 

< U'{t) + XU(t), 

where U(t) = f n u(y, %i(y) dy. Thus (U(t)e xt )' > for < t < 2T and hence for some Uq > we 
have 

U(t) = (U{t)e xt )e- Xt -> Uq as t -> 0+. (2.21) 
Consequently uipi G x (0, T)). So taking 99 = (pi in (|2.20p we have 

tp\Hu G L 1 (0 x (0,T)), (2.22) 

and taking </? = y? 2 in (|2.20p we obtain u|V^i| 2 G L^flx (0, T)). Thus, since (^i + |V<^i| 2 is bounded 
away from zero on fi, we have u G L x (0 x (0,T)). Hence, since (fi/p is bounded between positive 
constants on Q, it follows from (|2.22p that (|2.18p holds, and by (|2.2ip we have 

/ u(y, t)p(y) dy is bounded for < t < T. (2.23) 
Jn 

Let and < r < t < T be fixed. Then for e > we have 



/ G(x,y,e)u(y,t)dy - / / G(x,y,t + e - s)Hu(y,s) dy ds 
Jn Jt Jn 



dG(x,y,t + s-s) JQ , (2.24) 



G(x,y,t + £-r)u(y,T)dy - / u(y,s) L -Jr dS y ds 

n Jr Jan drj y 



> 0. 

Since f n G(x, y, £) dy < 1 for ( > 0, we have 



Jdn drjy 

/ G(x,y,e)dy - / y, t + e - r) < 1 
Jn Jn 



drjy 



and 



/ G(x,y,t + £ — s)Hu(y, s) dy < _max ifu < 00 

f2x[r,t] 



for e > and t < s < t. Thus, letting e — ► + in (|2.24p and using the fact that the function 
(y> C) — * G(x, y, C) is continuous for (y, ()gflx (0, 00) we get 



<<t 

0<u(x,t) 



I / G(x,y,t — s)Hu(y, s) dy ds 
t Jn 



<v(x,t,r)+ sup u (2.25) 
8fix(0,T) 

where 

a 1 

v(x,t,r) := / G{x,y : t-T)u(y,T)dy < C- ^— ^ / u{y,r)p{y)dy 

Jn (t — t) 2 
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because, as shown by Hui \10\ Lemma 1.3], there exists a positive constant C = C(n,Q,T) such 
that if 



G(r,t) 



/~1 

e ~r 2 /(Ct) for r>Q and t > q 



t n/2 



then the heat kernel G(x, y, t) for satisfies 

G(x,y,t) < AlJ AlJ G(|x-y|,t) for x,yeft and < t < T. (2.26) 

Hence, letting r — > + in (|2.25p and using (|2.23[) and the monotone convergence theorem we obtain 

(M> . □ 

For the proofs in Sections [3] and 2] of Theorems 11.11 and 1 1 . 3 1 r esp ect ivelv we will need the following 
lemma whose proof is an adaptation to parabolic inequalities of a method of Brezis [I] for elliptic 
equations. 

Lemma 2.3. Suppose T > and A > 1 are constants, B is an open ball in W 1 , E = B x (— T, 0), 
and <p £ Cq°(B x (— T, oo)). Then there exists a positive constant C depending only on 

dip 



n,A, and sup ( \ip\, |V<^|, 



ft 



,|Ap| 



(2.27) 



swc/i i/iai if £1 is a C 2 bounded domain in W 1 , Q, Pi B ^ 0, D = !]x (— T, 0), and u G C 2,1 (L>) is a 
nonnegative solution of 

Hu>0 mfix(-T,0) 
M = on (9finfi)x(-T,0) 



then 




(u x ip 2 ) n dxdt 



EnD 







) H 






\ -EnD 



{Hu)u x ~ l ^p 2 dxdt + J J u x dxdt 
EnD 



Proof. Let u be as in the lemma. Since 



i,^ 4(A-1) 



Vu- V(u A ~V) 
we have for — T < t < that 



A 2 



V(n A /^)| 2 



A-2. 



A 2 



2 4(A - 1) 



A 2 



(2.28) 



(2.29) 



J (-Au)u x - V 2 da; = / Vu • V(u A ~ V 2 ) 



> 



4(A - 1) 



A 2 



[ \V{u x/2 ip)\ 2 dx-C f u x dx 



(2.30) 



Bnn Bnn 

where C is a positive constant depending only on the quantities (|2.27p whose value may change 
from line to line. Also, for x £ B n we have 



o 



utu x l ip 2 dt = — 
j> A 

_ 1 

~ A 



«„,A 



du 
~dt 



ip 2 dt 



u(x,0) x <f(x,0) 2 - J 



It 



0* 



dt 



> -C 



u x dt. 



(2.31) 



9 



Integrating inequality (|2.30[) with respect to t from —T to 0, integrating inequality (|2.3ip with 
respect to x over B Pi f2, and then adding the two resulting inequalities we get 

C(I + B)> I J "|V(u A/ V)| 2 dxdt (2.32) 
EnD 

where 

/ = jj (Hu)u x ~ l ip 2 dxdt and B = j j u x dxdt. 
EnD EnD 

Multiplying ([2782]) by 

2/n 

M := max I / u X (p 2 dx 

-T<t<0 \ J 

\ Bnn 

and using the parabolic Sobolev inequality (see [12} Theorem 6.9]) we obtain 

C{I + B)M>A:=jj\u x ^ 2 ) 1 ^rdxdt. (2.33) 
EnD 

Since 

d 

— («V) = Xu x ~ x ut^ + 2u x tfxpt 
at 

= An A "V 2 (Au + Hu) + 2u x (fip t 
it follows from (|2.30p that for — T < t < we have 

^ J u x ip 2 dx<C J u x dx + X J u^^Hudx 
Bnn Bnn Bnn 

and thus 

M%<C{I + B). (2.34) 

Substituting (|2734"|) in (jZjjSD we get 

A < C(I + B)^ 

which implies ([2728]) . □ 

3 Proof of Theorem 11.11 

In this section we prove the following theorem which clearly implies Theorem II .li 
Theorem 3.1. Suppose u is a C 2,1 nonnegative solution of 

/ 1 xl+2/n 

< ut - Au < b \u + -j=nj in fix(0,T), (3.1) 

where T and b are positive constants and O is an open subset ofM. n , n > 1. Then, for each compact 
subset K of Q, we have 

maxu(i,t) = 0(t- n/2 ) as t -> 0+. (3.2) 
10 



Proof. To prove Theorem 13. 11 we claim it suffices to prove Theorem 13. 11 where Theorem l3.il is the 
theorem obtained from Theorem 13.11 by replacing (|3.ip with 

/ b \ 1+2/n 

< u t - Au < \u + -^J in B 4 (0) x (0, 3) (3.3) 
and replacing (j3.2[) with 

maxu(x,t)=0(r n/2 ) as t -» 0+. (3.4) 

W<3 

To see this, let u be as in Theorem 13.11 and let K be a compact subset of f2. Since if is compact 
there exist finite sequences {rj}jLi C (0, y/T/4) and {xjl^Lj C K such that 

AT N 
K C U S r,-/a(«i) C (J S 4r 3 (^) C fi. 

i=i i=i 
Let f j(y, s) = r™6 n//2 u(x, t), where x = Xj + rj-y and t = r 2 -s. Then 

< JEfy- < I Uj + J for |y| < 4, < s < 16, 

where fffj := ^ — A y Vj. Hence by Theorem 13. 11 there exist Sj 6 (0, 16) and Cj > such that 



maxvj(y, s) < CjS n ^ 2 for < s < Sj. 

Iwl<3 

That is 

max u(a?,t) < C,-fe- n / 2 r n / 2 for < f < t,- := r 2 Sj . 

\x-xj\<rj/2 j 3 j 

So for < t < min tj we have 

maxii(x,t)< max max u(x,t) 
x&K l<j<N\x-X:j\<rj/2 

< ( max C ? -)£T n/ V n/2 . 

That is, (|32|) holds. 

We now complete the proof of Theorem 13.11 by proving Theorem 13.11 . Suppose u is a C 
nonnegative solution of f|3.3[) . By Lemma |2. 11 



2,1 



u, Hu G L 1 {B 2 {0) x (0, 2)) (3.5) 

and 

u = N + v + h in Bi(0)x(0,l) (3.6) 

where N,v, and /i are as in Lemma 12. 11 

Suppose for contradiction that (|3.41) does not hold. Then there exists a sequence {(xj,tj)} C 
-£•1/2(0) x (0, 1/4) such that for some xq £ B 1 / 2 (0) we have (xj,tj) — ► (xo,0) as j — ► 00 and 

n/2 



lim t^ 2 u(xj,tj) = 00. (3.7) 
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Clearly 

(4nt) n/2 v(x,t) < J dn{y) < oo for (x, t) G R n x (0, oo). (3.8) 
lvl<2 

For (x, t) G R n x R and r > 0, let 

E r (x, t) := {(y, s) 6 1" X R: |y - x| < Vf and i - r < s < t}. 
In what follows, the variables (x, t) and (£, r) are related by 

x = Xj + 6 an d i = + tjT (3.9) 
and the variables (y, s) and (77, are related by 

y = Xj + ^JTj r\ and s = tj + tj(. (3.10) 
For each positive integer j, define 

f j (v,C) = Vt] n+2 Hu(y,s) for (y, s) £ E tj (x 3 ,t 3 ) (3.11) 

and define 



Ujfar) = ^/tj n JJ $(x-y,t-s)Hu(y,s)dyds for (x, t) G R n x (0, oo). (3.12) 
By (|3.5p we have 

Hu(y,s)dyds^0 as j — > oo (3.13) 

E tj (xj,tj) 

and thus making the change of variables (|3.10p in (|3.13p and using (|3.1ip we get 



/.•(Ty, O^dC^O as j^oo. (3.14) 

El (0,0) 

Since 

*(x-y,t-s) = -==-$(£- 77, r-C) 
it follows from (f3TT2]) and (j3TTT]) that 

«i(^,r)= // ^^-r/.T-O/i^O^dC. (3.15) 
fii(o,o) 

It is easy to check that for 1 < q < and (£, r) G R n x (— 1, 0] we have 

JJ <f>(£-r),T-() g dr)dc\ < C(n, q)<oo. (3.16) 

\R"x(-l,0) / 

Thus for 1 < q < we have by (|3.15p and standard LP estimates for the convolution of two 
functions that 

IK \\li{Ex (o,o)) < C(n, q)\\ fj\\ L i( El (o,o)) as j -» oo (3.17) 



12 



by (gUp . If 

(x, t) G Et./^xj,^) and (y, s) G M n x (0, oo) - £ tj (x,-, i,) (3.18) 

then 



§(x-y,t-s)< max $ ( ^5,r | < 

^ y ' ' ~ 0<r<oo V 2 / 



Thus for G E t ./±(xj, tj) we have 

^ ®(x -y,t - s)Hu(y,s)dyds jj Hu(y,s)dyds. 

B 2 (0)x(0,2)-E j (x j ,t j ) J B 2 (0)x(0,2) 

It follows therefore from {EI]), (US), ((33]), and (pH2]) that 

%(£,r) + C 



u(a,t) < jVs '^ n ' - for (x,t) eEt /^tj) (3.19) 

where C is a positive constant which does not depend on j or (x,i). 
Substituting (x,t) = (xj,tj) in (|3.19p and using (|3.7p we obtain 

Uj (0,0) — > oo as j — > oo. (3.20) 

For (£,r) G -Ei (0,0) we have by (I3TT2I) that 

Huj(^T) = Jt~ n+2 Hu(x,t). 



"3 vs j ' ; — v "3 
Hence for (£, r) G #i(0, 0) we have by (l3TTT|) that 

#«;(M = /i(M (3.21) 
and for (£,r) G J E 1/4 (0,0) we have by (J33J) and (13391) that 

n + 2 



< 



3 V¥\ 



( U] (i,r) + C)^ 

:«,-(e,T)^ (3.22) 



where the last equation is our definition of Vj. Thus 

Vj&T) = u j (£,T) + C for (£,r) G£ 1/4 (0,0) (3.23) 

where C is a positive constant which does not depend on (£, t) or j. Hence in £1/4(0,0) we have 
Huj = Hvj and 



v 



3 



n + 2 



n/2 



Hvj\ 2 / 



V 3 
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by and (EOT]) . Thus 



n+2 

H Vj \ — 



rf?7 c?C — > as j — > oo 



(3.24) 



E 1/4 (0,0) 



by dan. 

Let < i? < 1/8 and A > 1 be constants and let cp € C^°(i? v ^(0) x (-2R, oo)) satisfy <p = 1 
on £r(0, 0) and cp > on R n x R. Then 



(Hv^v^ip 2 d£dT 



Hv 



V; 



E 2R {0,0) 



E 2R {0,0) 



< 



n + 2 

Hvj\ — 



d£dr 



(vfip 2 )^ d£dr 



yE 2R (0,0) 



\E 2R (0,0) 



Hence, using (ET241) and applying Lemma with T = 2R, B = Q = B ^(O), E = E 2R (0,0), and 



u = Vj we have 



J j (v $ p 2 ) d£dr<C jj vj d£ dr 
E 2 r(0,0) \e 2R (o,o) 
where C does not depend on j. Therefore 



2R\ 

n + 2 



Vj n d£dr <C 



E K (0,0) 



d£ dr 



(3.25) 



\^2K(0,0) 



Starting with (|3.17p with q = and applying f)3.25|) a finite number of times we find for each 
p > 1 there exists e > such that the sequence Vj is bounded in L p (E e (0, 0)) and thus the same is 
true for the sequence fj by (|3.22|) and (|3.2ip . Thus by f)3. 16|) and Holder's inequality we have 



limsup // $(-ri,-()f j (ri,()drjd( < oo 

j^oo J J 
E e (0,0) 



(3.26) 



for some e > 0. Also by (|3.14p 



lim / / $(-t?, -Ofjiv, dr, d( = 0. 



E 1 (0,0)-E e (0,0) 

Adding (I3T261) and (I3T27|) . and using (13TT5]) . we contradict (13T2DD . 



(3.27) 



□ 



4 Proof of Theorem 11.31 

In this section we prove the following theorem which clearly implies Theorem 11.31 
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Theorem 4.1. Suppose u G C 2,1 (0 x (0,2T)) is a nonnegative solution of 

0<u t -Au<b(u+-^ TT y inftx(0,2T) 
it < 6 on <9f2 x (0, 2T) 

where T and b are positive constants, 1 < p < 1 + 2/ (n + 1), and SI is a C 2 bounded domain in W 2 , 
n > 1. T/ien i/iere exists a positive constant C such that 

«(x,t) < C V +1 + sup it /or a// (x,t) G x (0,T), (4.2) 

v/r anx(o,T) 

where p(x) = dist(a;,30). 

Proof. Suppose for contradiction that (|4.2j) does not hold. Then there exists a sequence {(ay, ij)} C 
f2 x (0, T) such that tj — > as j — ► oo and 

u(xj,tj) -sup mx / 0T) u . 

> oo as j —* oo. (4.3) 



For (x, i) eR"xl and r > 0, let 

E r (x,t) = {(y,s) G M n x E: |y-x|<\/f and t-r<s<t}. 
In what follows the variables (x, t) and (£, r) are related by 

x = Xj + ytjt, and t = tj + tjT (4.4) 
and the variables (y, s) and (77, £) are related by 

y = xj + \ftjf] and s = tj + (4-5) 
For each positive integer j, define 

Pj ( V ) = ^r and f j {r 1 ,C,) = ^ + *Hu{y : s) for (y, s) G x (0, 2T) (4.6) 

and define 

Uj(Z,T) = y/Tj n+1 JJ G(x,y,t - s)Hu(y,s)dyds for (x, t) G Vt x (0, 2T) (4.7) 

£^ j (a5j,tj)n(nx(0,T)) 

where ifix and G are as in Lemma 12.21 and we define G(x, y, r) = if r < 0. 
By (pT[8|) we have 



JJ p(y)Hu(y,s)dyds -> as j -> 00, (4i 



E^.fe ,%)n(nx(o,T)) 



and thus making the change of variables ()4.5p in (|4.8p we get 

fj(V, C)Pj(v) dndC^Q as j -> 00, (4.9) 



Ei(0,0)nDj 



15 



where Dj = Qj x ( — 1,0) and Qj = {r/ : y G f2}. 
Since, by ([23511 and lfO|> . 



y. I s) < ( -^L Al)( -4ML A 1 ) G(\x -y\,t-s) 



S A1 )(S A1 )^-^-°' 



it follows from (f¥77|) and (f4~6j) that for (£,r) G % x (-1,0] we have 



0SL= A l) CjM^ A l) G(|f - V \, r - QfM C) drj d( (4.10) 



Ei(0,0)nDj 

where we define G(r, r) = if r < 0. It is easy to check that for 1 < q < and (£, r) £l"x (—1, 0] 
we have 

/ \- 

1 Gde-r/U-oV^dC I <C(n, g ,n,r) <oo. (4.11) 



\R™X(-1,0) 

Thus, for 1 < q < we have by (|4.10p and standard LP estimates for the convolution of two 
functions that 

IKIIl^! (0,0)0^-) < C( re ; 9,^,r)ll/iPillLi(E 1 (o,o)n J D J ) as j oo (4.12) 



by (|4~9|) . 
If 



(x, t) G Et./^x^tj) n((ix (0, T)) and (y, s) G X (0, i) - . tj) (4.13) 

then 

|x - y\ > 07/2 (4.14) 

and hence by (|2,26|) we have 



G(x,y,t- s) < 



0<r<oo V \/T / \/r 



Thus for (x,t) G E tj/4: (xj,tj) fl (fi x (0,T)) we have 

// g(x, y, t - a)g M (y, a) tfo & < ^ffiP A l) | p(y)Fu(y, s) dy ds. 



nx{0,t)-E tj (xj,tj) " 3 fix(0,T) 



It follows therefore from Lemma 12.21 and (14. 7p that 



u(x,t) < + sup w for (x,t) G E t .u(xj,tj) fl(!]x (0,T)) (4.15) 

anx(o,r) J 



where C is a positive constant which does not depend on j or (x,t). 
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Substituting (x,t) = (xj,tj) in (|4.15p and using (|4.3p we obtain 

^(0,0) > -fe,« J )-sup mM0 , r)V 
»(0)A1- Afei A1 W +1 



For (£,r) G #i(0,0) n Dj we have by gT]) that 



(Huj)(Z,T) = ^(Hu)(x,t). (4.17) 
Hence for (f , r) G #i(0, 0) n Dj we have by (gSD that 

(H Uj )(t,r) = fj&r) (4.18) 
and for (£,r) e £ 1/4 (0,0) n IT, we have by ((H) and (l4TT5j) that 

r) < vV +3 & (u(x,t) + ^ ~^^) 



iTVu.-fe , t) + C) p where a = (n + 1) I — p ) > 

v n + 1 



n + 3 



VHK.rf, (4.19) 

where the last equation is our definition of Vj. Thus 

v j {i,r) = u j {i,T) + C (4.20) 

where C is a positive constant which does not depend on (£, t) or j. Hence in £^4(0,0) n we 
have 

Tl + 2 

2 st rr a u P-l\£*2 s rr-<x(ri+2)/2 n±2 

—± < {y/tj bV? ) 2 < yj tj b 2 «?, 

y j / 

where g = (p - 1)2±? < = ^±f . Thus 

n+2 

' "' ] d7]d(< ^Jh a{n+2)/2 b^\\v 3 \\l q(Ei{mnD]) as j -» 00 (4.21) 



E 1/4 (0,0)nL>j 



by 

Let < < 1/8 and A > 1 be constants and let 93 G Co°(- b v a27?(0, 0) x (— 2R, 00)) satisfy <p = 1 
on £ fl (0, 0) and 99 > on M n x R. Then using (I4T201) we have 

= («j + C) V < 2 A (n^ 2 + CV) in £ 1/4 (0, 0) n ^ 
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and hence 



(Huj)v^- l ip 2 d£dr 



£ 2 fl(0,0)nDj 



E 2R (0,0)r\D j 



Hu 



J ,j/d^dr 



( 



< 



^2^(0,0)0^ 

/ 

< C 



n + 2 

Hu 3 \ 2 



\ n+2 



d£dr 



( 



n + 2 



(Vjip^^d^dr 



^ 2 H(o,o)n^ 



n + 2 

H Uj \ * 



2 

n + 2 



V2i?(o,o)nD 
/ 



d£dr 



(u^(p 2 )^d^dT 



+ 1 



^2^(0,0)1-1^ 



(4.22) 



where C is a positive constant which does not depend on j and whose value may change from line 
to line. Thus using <|OI|> and applying Lemma E3 with T = 2R, B = B^r(0), E = E 2R (0,0), 
0, = Qj, and u = Uj, we have 



{ujif^^d^dT 



n + 2 / 

< c 



d^dr + 1 



?2fl(o,o)nzXi 



% R (o,o)nD 



Consequently, 



n + 2 



Uj n d£dr <C 



B H (0,0)nDj 



u$ d£dr + l 



\ 2R (0,0)nD 



By 612]), 



lim 

j— >oo 



n+3 
, n + 2 



u™ +2 d£ dr = 0. 



(4.23) 



(4.24) 



E 1/4 (0,0)nD.j 

Starting with (|4.24p and using (|4.23|) a finite number of times we find that for each p > 1 there 
exists £ > such that the sequence Uj is bounded in LP(E e (Q, 0) D -Dj) and thus the same is true 
for the sequences Vj, Huj, and fj by (|4.2U|) . (|4.19|) . and (|4.18|) . 
Thus by (|4.10p . there exists e > such that 



u,-(0,0) , ff 1 / 
lim sup -= J — ■ r^— < hm sup / / 

j-»oo Pj(0) j^oc JJ V-C V 

Bi(o,o)nDj 



< lim sup 



( 



\E £ (0,0)nD 



1 



-c 



^=A1) G(\-v\,-0fj(ri,0dr)d( 



G(\-r,\,-0fj( V ,0dvd( 



+ 



(£i(0,0)-_B £ (0,0))nD J 



-c 
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where we have estimated the first integral using (|4.11j) and Holder's inequality and the second 
integral using P~9j) . Also by (|4.10|) . 



limsup Uj(0, 0) < limsup 



Hence 



E 1 (0,0)nD j 

I 



^=A1] Gd-rjl-Of^OdvdC 



< limsup 



+ 



G(\-v\,-QfM<)dvdC 



^(0,0)00 



\ 



(Ei(0,0)-E e (0,0))nD d 



G{\-v\,-Ofi(vX)Pi(fl)dvdC 



< oo. 



/ 



^(0,0) 
lim sup ■ ' 



< oo 



j^oo pj(0)Al 

which contradicts (|4.16p and completes the proof of Theorem 14.11 



□ 
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